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^ '. Abstract 

1^ ■ We give upper bounds on the Walsh coefficients of functions for 

i-G , which the derivative of order at least one has bounded variation of frac- 

C^ ' tional order. Further, we also consider the Walsh coefficients of func- 

tions in periodic and non-periodic reproducing kernel Hilbert spaces. 
A lower bound which shows that our results are best possible is also 
shown. 
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^ 1 Introduction 

X 

c^ , In this paper we analyze the decay of the Walsh coefficients of smooth func- 

tions. Walsh functions waU : [0, 1) -^ {1,1^6, • • • )^t~^}i where /c is a non- 
negative integer and oji, = e^'^^^'^, were first introduced in |ll] and further 
early results were obtained in j2l |6] . See for example [9] for an overview. It 
is well known that Walsh functions form a complete orthonormal system of 
L2([0,l)),see[2l[7]. 

In analogy to our aim for Walsh functions, consider Fourier series for a 
moment: A classical result says that the kth Fourier coefficient of an r times 
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different iable function decays with order {kl'"^. An analogous result for the 
Walsh coefficients of r times differentiable functions has been missing in the 
literature and will be provided here. 

The Walsh coefficients of functions which satisfy a Holder condition were 
already considered in [6] . Here we consider the decay of the Walsh coefficients 
of functions which satisfy even stronger smoothness assumptions, i.e., have 
at least one smooth derivative. It has long been known from [B] that the 
only absolutely continuous functions for which all Walsh coefficients decay 
faster than 1/k are the constants. Here we refine this result be showing that 
for r times differentiable functions, the Walsh coefficients decay with order 
jj-ai amin(i,,r)^ where k = Kib"'^~^ + - ■ ■ + Kyb"'''~^ with < ki, . . . , k^ < b and 
Oi > ■ ■ ■ > a^, > 0. I.e., only the coefficients k which have only one non-zero 
digit in their base b expansion decay with order 1/k, the others decay faster. 
We also prove a lower bound which shows that this result is best possible. 

The question of how the Walsh coefficients of smooth functions decay 
plays a central role in numerical integration of smooth functions. In [3|, H] 
this decay was implicitly used to give explicit constructions of quasi-Monte 
Carlo rules which achieve the optimal rate of convergence for the numerical 
integration of functions with smoothness r > 1. 

Throughout the paper we use the following notation: We assume that 
6 > 2 is a natural number, and that k & N (where N denotes the set of 
natural numbers) has base b expansion k = Hib""^^^ + ■ ■ ■ + Hyb"""'^, where 
V > 1, < Ki, . . . , Ky < b, and ai > ■ ■ ■ > a^ > 0. For A; = we will assume 
that V = 0. 

Let the real number x G [0, 1) have base b representation x = ^ + |f + - ■ ■ , 
with < Xi < b and where infinitely many Xi are different from b — 1. For 
fc G N we define the fcth Walsh function by 

walfc(x) = Wfe ' , 

where Ub = e^'^'-/^. For A; = we set walo(x) = 1. 

For a function / : [0, 1] — )■ M we define the kth Walsh coefficient of / by 

1 



/(^) = / /(x)waU(x)dx 
'o 



and we can form the Walsh series 

oo 



A:=0 



Among other things, it was shown in [1] that if a function / : [0, 1] — > M 
has r — 1 derivatives for which /('■^^) satisfies a Lipschitz condition, then 
\f{k)\ < Crb'""^ «mm(r,i,) ^q^ souie constant Cr > independent of / and k. 
An exphcit constant was also given in [1]. 

In this paper we improve upon the results in [3] and |1] in several ways. 
We improve the constant Cr mentioned above and obtain also a constant for 
r = oo (in |3] we have C^ — t- oo for r — t- oo). (In the context of numerical 
integration this is interesting as we want to know how the integration error 
depends on the smoothness.) If the function and all its derivatives are peri- 
odic then the result can be strengthened. This was already implicitly used 
in [3], but will be explicitly shown here. 

We need the following lemma which was first shown in [B] and appeared 
in many other papers (see for example P] for a more general version). The 
following notation will be used throughout the paper: k' = k — Kife"^"^ and 
hence < k' < 6"^^^ 



Lemma 1 Fork eN let Jk{x) = J^ walk{t) dt. Th 



en 



Jk{x) = r"^ (1 - io^^'T'^^hix) + (1/2 + (u;-'^! - l)-i)waU(x) 

oo 6-1 ^ 

+ ^ ^ b~''{uj^ - 1)" VaUai+c-i+fc(a;) 



c=l i9=l 

For k = 0, i.e., Jo{x) = J^^ Idt = x, we have 

oo b—1 

Mx) = 1/2 + 5^ 5^ b-%ut - l)-VaW-i(a;). (1) 

c=l •&=! 

We also need the following elementary lemma. 
Lemma 2 For any < k < b we have 



UJ, 



-K|-l 



<77-^ <^nd |l/2 + (a;-^-l)-i|< 



^ ' - 2 sin ^ "'~^' ' ' ' '"" ~' ' - 2sin^ 

We introduce some further notation which will be used throughout the 
paper: For f > 1 let fc" = k' — K2b°'^~^, and hence < A;" < b°''^~^ . For 

/ e N let / = Xib'^^-^ H h A^6°'^""\ where u; > 1, < Ai, . . . , A^ < 6, and 

di> ■■■> d^>Q. Further let V = I - Ai6^i~^ and hence < /' < b'^^'^. For 
U7 > 1 let /" = /' - Aa&'^^-i^ and hence < /" < fe'^^-i. 



2 On the Walsh coefficients of polynomials 
and power series 

In the following we obtain bounds on the Walsh coefficients of monomials x^. 
Let 



Xr,vi'^i, ■■■, ay] Ki, ..., K^) = / x'"waU(x)dx. 

Jo 

For /c = we define Xr,o, which is given by 

Jo r + 1 

We know from [5| Lemma 3.7] that the Walsh coefficients of x^ are if 
V > r, hence we have Xr,v = for v > r. 

The Walsh series for x is already known from Lemma [H thus (note that 
we need to take the complex conjugate of ([T]) to obtain the Walsh series for 
x] 

xiA(^i;f^i) = -b-''H^-^;''T'- (2) 

It can be checked that |xi,i| < |. Indeed, we always have 



|Xr,i,(ai,- •• ,a»;;/«i,- • •,/ti,)| < / a;'"|walfc(a;)|d2; = / x"" dx = — — - 

Jo Jo r + 1 

for all r,v > 0. 

We obtain a recursive formula for the Xr,v using integration by parts, 
namely 

a;'"waU(x)dx = Ji,(x)x^ In — r / x^^^Jk(x)dx = —r x^~^Jk(x) dx. 



Jo Jo 

(3) 
Using Lemma [1] and ([3]) we obtain for 1 < t> < r and r > 1 that 

Xr,^(ai,. . .,a^;fi:i,. . .,fi;^) (4) 

= -r6""i ( (1 - iOh'^^y^Xr-i,v-i{a2, . . . , a^,; K2, • • • , k^) 

+ (1/2 + (w^""' - l)"^)xr-i,i,(ai, ...,ay;Ki,...,Ky) 

oo 6—1 X 

+ ^ ^ b~''{ujt - iy^Xr-i,v+i{ai + c,ai,...,ay;^,Ki,...,Ky)]. 

c=l i9=l ^ 



From dl]) we can obtain 

r 



^lU \ — J- 

w=l 

and, with a bit more effort, 



Xr,r-l{0'lj ■ ■ ■ J (^r-l'i ^^l; • • • 5 '^r-l) 

r-1 



UI = 1 

r-1 



-l/2 + Y,{l/2 + {co,^--l)-')b-'^-), 



w=l 

for all r > 1. 

In principle we can obtain all values of Xr,v recursively using (jl]). We 
calculated already Xr,v for t> = r, r — 1 and we could continue doing so for 
V = r — 2, . . . ,1. But the formulae become increasingly complex, so we only 
prove a bound on them. 

For any r > and a non-negative integer k we define 

for r = 0, fc > 0, 

. , _ . for A; = 0, r > 0, 

' ai + ■ ■ ■ + a„ for 1 < v < r, 

ai + ■ ■ ■ + ttr ior V > r. 

Lemma 3 For 1 < r < v we have Xr,v = and for any 1 < v < r we have 

\Xr,v\(^ly • • • 5 (^vi '^l) ■ • ■ ) ^v ) I 

„l ominfl.u) / i i \ max(0,M-l) 

< minr'^"('=), ^- 1 ^ ^ ^ 



o<u<v (r-M + 1)! (2sinf)« V b b{b + I) 

Proof. The first result was already shown in [3]. 

For the second result we use induction on r. We have already shown the 
result for r = f = 1. 

Now assume that 



\Xr-l,v{0'l, . . . , Ot,; Ki 



, . . . , rvyj 



< mm b'^""^ >- IH \ 

- o<u<v (r-M)!(2sinf)" V b b{b + 1) J 



max(0,ii— 1) 



We show that the result holds for r. We have already shown that \Xr,v\ ^ :f^, 
which proves the result for u = 0. 

By taking the absolute value of (^ and using the triangular inequality 
we obtain 

< rb'"" i |1 - uj^'^^\''^\Xr-i,v-i{a2, • • • , a^; ^2, • • • , k„)| 

+ |l/2+ (w^*^^ - l)"^||xr-i,i,(ai,---,a„;Ki,...,K„)| 

oo 6—1 \ 

+ ^^&"1wf - l\''^\xr-i,v+i{ai + c, ai,...,a„;t9, fi:i,...,Kj,)| j. 
^=1 oi— 1 / 



C=l 1?=1 



Using Lemma [21 |x.r_i,t,| < ^ and Yl'^i^ ^ = bZi^ we obtain from 
that 

\Xr,v\0'i-, ■ ■ ■ 1 O'v'i f^ii ■ ■ ■ 1 i^v)\ ^ 7^~~: ;;r 



2 sin ^ 





which proves the bound for u = 1. 

To prove the bound for 1 < m < f we proceed in the same manner. Using 
Lemma El and 

\Xr—l,v\0'l-, ■ ■ ■ idv'-i 1^1) ■ ■ ■ 1 l^v)\ 

< r^^-iw ^^~^^- - (1 + - + - ) 

{r-u + l)\{2smlY-^\ b b{b+l)) 
we obtain 

\Xr,V\^l) • • ■ ) (^Vj ^1; • • • ; ^V ) I 

rb^"^ / 

— TT^ w\ \Xr~l,v-l{0'2, ■ ■ ■ ,0'v] 1^2, ■ ■ ■ ,l^v)\ 

2 sm -^ \ 

~'t~\Xr-l,v[0'lj ■ ■ ■ ^ CLv'-i I'^l^ ■ ■ ■ ^ f^v)\ 

oo fe— 1 s 

+ ^^&"1Xr--i,^+i(ai + c, ai,. . . ,aj,;t9, Ki,. . ., /€»,)! j 

c=l i9=l ^ 



„| qmin(l,M) / i 

< b-Mk) — ^^ A (i + i 



r-M+l)!(2sinf)« V b 6(6+1 



niax(0,n— 2) 



X 1 + 6"2""i + 



6+1 



< f)-f^uik)_ 



omin(l,it) / 1 



1 



max(0,M— 1) 



n 



(r-M+l)!(2sinf)« V b 6(6+1 

^^ Xl^i X]tf=i b^^'^ = ^Tj- and fli > a2- Thus the result follows 

Let now /(x) = /o + /la^ + f2x'^ + ■ ■ ■ . The kth Walsh coefficient of / is 
given by 

f{k) = / f{x)walk{x)dx 
Jo 

t» pi 

= /^ /r / x^walk{x) dx 

oo 
/ ^ /rXr,!)!,*^!) • • • 5 Ct-D) '^1; • • • 5 

We can estimate the kth Walsh coefficient by 



K^, I. 



I/>)I 



/ ^ Xr,v['^li ■ ■ ■ t O'v] f^li ■ ■ ■ 1 f^v) Jr 



r=v 

oo 



< X] IXr,^;(ai, . . . , a^,; Ki, . . . , K^)\\fr\ 



r=v 
oo 



< Vl/J min 6-''"('=) 



0<M<1' 



„| omin(l,u) 

(r-M + l)!(2sinf)" 



x|l+i+ 1 



6 6(6+1) 

omin(l,M) / 1 1 

< min 6"''"*^^^- — ( 1 + t + tt. ^ 

- o<u<v (2sinf)« V b 6(6+1) 

r\\fr 



rnax(0,«— 1) 



inax(0,M— 1) 



^-^ (r - M + 1) 

r=v 

Hence we have shown the following theorem. 



Theorem 1 Let f{x) = /o + fiX + /2a;^ + ■ ■ ■ and let /c G N. Then we have 

omin(l,u) / 1 1 N max(0,M-l) oo ^||f| 

Remark 1 This result cannot he directly obtained from ^, as there the con- 
stant for a power series would he infinite. 

The bound in the theorem makes of course only sense for u for which 

YlT=v (r-i+i)! ^^ finite. We give some examples: 

• For / e C^{\Q, 1]) we have /('■^(O) = r!/^. If |/('')(0)| grows exponen- 
tially (like for f{x) = e"^' with a > 1), then YlT=v Ir-v+iv. ^^^^ ^^ finite 
for any f G N. The theorem implies that the Walsh coefficients decay 
with order 0(6~''"('')). 

• Using Sterling's formula we obtain that , _^ , j^^, ~ (r — f + 1)''"^ as r 

tends to oo. For f{x) = j^ with < c < 1 we have fr = c^. In this 
case we have 



oo 1 1 ^ I oo oo 



{r -v + l)\ 



c < oo, 



r=l 



for all f G N. The theorem implies that the Walsh coefficients decay 
with order 0(6~^"('')). 

For / G C°°([0, 1]) with f{x) = YlT=o f^^^ ^^ define the semi- norm 

r=l r=l 

Then the {v — l)th derivative of / is given by 

^-^ r! ^-^ (r — V + 1)1 

r=0 r=v—l ^ ' 

and 

||W.-i)||_f- Afr\ _y^ |/(-)(0)| 
"•^ " ^(r-w + l)! ^(r-t; + l)!' 

Hence we obtain the following corollary from Theorem [H 

8 



Corollary 1 Let f e C°°([0, 1]) with ||/(^)|| < cx) for all z G Nq. Then for 
every k ^N we have 

l/WI<''-'-">p-|^(i + i + ^)'"ll/'-"l|. 

Let us consider another example: Let fr = r~^, with 6 > 1. So, for 
example, we can choose u = min(f , [5] — 2) in the theorem above, which will 
guarantee that V°° „ , ^ ,\s, < oo. On the other hand, this sum is not finite 
for 16] — 2 < u < V. The theorem implies that the Walsh coefficients decay 
with order (9(6~'^™in("'r'5i-2)(fc))_ Note that this function / is only \6] —2 times 
continuously differentiable. We will consider this case in the next section. 



3 On the Walsh coefficients of functions in 

^([0,1]) 

In this section we prove an explicit constant C^, which is better than the 
constant which can be obtained from |1]. 

Before the next lemma we introduce a variation of fractional order: For 
< A < 1 and / : [0, 1] ^ M let 

Vx{f)= sup 2^\Xn-Xn-l\ . 7^ , 

where the supremum is taken over all partitions of the interval [0, 1]. 
If / has a continuous first derivative on [0, 1], then 

Vi{f)= f \r{x)\dx. 

Jo 

If / satisfies a Holder condition of order < A < 1, i.e., |/(x) — f{y)\ < 
Cf\x - y\^ for all x,y e [0, 1], then Vx{f) < Cj. 

The following lemma appeared already in [6] (albeit in a slightly different 
form, see also [H E]). 

Lemma 4 Let < X < 1 and let f e C2{[0, 1]) satisfy Vx{f) < oo. Then 
for any /c G N, the kth Walsh coefficient satisfies 

\fm<ib-lY^'b-'^^Vx{f). 



Thus, the decay of the Walsh coefficients of functions with smoothness 
< r < 1 has aheady been considered and we deal with r > 1 in the 
following. 

Let now / G C2i[0, 1]) with Vx{f) < oo and let Fi{x) = J^ f{y) dy. Then 
using integration by parts as in the previous section, we obtain for /c G N 



1 



Fi{k) = Fi{x)wa\k{x) dx = - f{x)Jkix)dx. 
Jo Jo 

Substituting the Walsh series for J^ from Lemma [T], we obtain 

m) = -r-(^(l-u;,--)-V>') + (l/2 + (u;r-l)-^)/>) 

oo CXD \ 

+ E E ^"'(^' - 1)"'/(^&"^+^~' + k)). 

c=l i9=l ^ 

Taking the absolute value on both sides and using the same estimations as 
in the previous section, we obtain 

h-ai °° 

l^i(^)l < ^— v(l/(^')l + \fik)\ + (&- l)$^ri/(^6-+-i + k)\). (6) 

b c=l 

Thus, using Lemma H] we obtain for fc G N with v > 2, that 



For k = Kib""^ ^ we obtain 

\m)\ < ^ (l/(0)l + 2(6 - 1)^+V^'^^K,(/)) . 



Defining F^^x) = J^ Fj—iiy) dy for r > 1, we can obtain bounds on the 
Walsh coefficients of Fr by using induction on r. Using similar arguments as 
in the proof of Lemma |3] we obtain for v > r that 



(7) 



10 



and for v = r that 



Mk)\ (8) 

^ (2imwOn+KFTT)) (1/(0)1 + 2(.-i)-V-v.(/)). 



b 
For 1 < i; < r we have 



X (|/;_„(0)| + 2(6 - l)'+-^r^-l/A(F,_.)) . (9) 

Note that we also have Fr{x) = J^ f{t) /.^.X dt, where {x — t)+~^ = 
(x — tY~^l[o^x)(t) for < x,t < 1 and l[o,x)(^) is 1 for t G [0,a;) and 
otherwise. 

A function / G C""([0, 1]) for which Vx{f^^^) < oo can be represented by 
a Taylor series 

/(^)^/(0).^— f3--H-//«W<^a. 

With this we can now obtain a bound on the Walsh coefficients of /. For 
f > r we know from P] that 



/(i)(0) /(-i)(0) ,_, 



/(O) + ,, X + ■ ■ ■ + ^^^ ^x' walfc(x) dx = 0. 

V 1! (r-1)! J 

To bound the Walsh coefficient of J^ f^^\t) (^.j^i dt for t> > r we can use 
([7]) to obtain 



(2sinf)'^ V ^ K^+1) 

For f = r we can use ([H]) to obtain 

l/(fc)l < 



(2sinf)^ V b 6(6 + 1) 

X (|/>H0)| + 2(6 - l)i+^6-^'^^rA(/(^))) . 
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For 1 < f < r we have 



V(0) + ^-^J^x + ■■■+ ^/ '[% '-' 1 waU(x) dx 



1! 



r-1 ! 



< l)~tJ-r(k)_ 



1 + i 



1 



(2sinf)^ V^ ' ^ ' K^ + 1' 
and therefore, using (j9]), we obtain 



v-l r-1 



E 



(s-t; + l)! 



I/WI < 



(2sinf)' 



1 + 



6 6(6+1) 



i)-i 



X 



r-1 



3E 



's-t; + 1)! 



1/ 



(v) 



+ 2(6-1)^+V^""\/a(/("^) 



where p'"\0) denotes the 0th Walsh coefficient of f^^\ We have shown the 
following theorem. 

Theorem 2 Let f e C''{[0, 1]) with Vx{f^'''^) < oo, and let fc G N. Then for 
V > r we have 



for r = V we have 



(6-1)^+^(1 + 26- 
(Ssin^)-^ 



1 + T + 



6 6(6+1) 



r-1 



|/>)l < 



(2sinf)' 



6 6(6+1) 



r-1 



X 



/(")(x)dx 



+ 2(6-1)1+V^"'Va(/^'^) 



and /or v < r we have 

\m\ 



< 



^-tMrik) 

(2sinf)^ 

- r-1 



1 



6 6(6+1) 



v-l 



\f^'\0)\ 
's-v + l)\ 



f^''\x)dx 



+ 2(6-1)1+^6~^"''\/a(/^''^) 



We also prove bounds on the decay of the Walsh coefficients of functions 
from Sobolev spaces. For this, we first need bounds on the Walsh coefficients 
of Bernoulli polynomials, which we consider in the next section. 
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4 On the Walsh coefficients of BernouUi poly- 
nomials 

For r > let Br{-) denote the Bernoulli polynomial of degree r and br{-) = 
—^. For example we have Bq{x) = 1, -Bi(x) = x — 1/2, B2{x) = x'^ — x+l/6 
and so on. Those polynomials have the properties 

b'j.{x) = br-i{x) and / br{x) = for all r > 1. 

Jo 

We obviously have &o(x) = and f^ bo{x) dx = 1. Further, -8^(1 — x) = 
{—lYBj.{x) and also 6^(1 — x) = {—lYbr{x). The numbers Bj. = Bj.{0) are 
the Bernoulli numbers and B^ = for all odd r > 3. Further, for r > 2, we 
have 

bJx) = --^— V /i-^e^""'^", for < X < 1. (10) 

It is more convenient to calculate with b^i^) rather than the Bernoulli 
polynomials. 

For r > 1 and A; G N let 



/3r,^(ai,. . .,a^,;Ki,. . .,K^) = / 6r(x)walfc(x) dx. 

As for Xr,t;; wc also have fi^^v = for v > r. Further, for fc = let f = and 
we have Pr,o = for all r > 1. 

The Walsh series for 6i can be obtained from the Walsh series of Jo from 
Lemma [1] and is given by 

oo 6—1 

b^(x) = X - 1/2 = XI 5Z^ '(^fe '^ ~ l)"VaUc-i(x). 

c=l -ff=l 

Thus 

/3i,i(ai;«:i) = -r''^(l-u;-"^)-^ 

Using integration by parts and Jfc(O) = Jfe(l) = we obtain for all r > 1 
that 



6r(a;)walfe(x) dx = — / br-i{x)Jk{x)dx. (11) 

Jo 
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Using Lemma [T] and (II ip we obtain for 1 < t> < r and r > 1 that 
= -6~"i ( (1 - uj^^'^'-)'^ /3r^i,v-i{a2, . . . , a„; K2, • • • , k^) 



+ (1/2 + (w^ ''^ - 1) )l3r-i,viai, ...,a^,;Ki,...,Ky) 

oo 6—1 \ 

+ ^ ^ b'^^ii^b - l)"^/3r-i,i,+i(ai + c, ai, . . . , a^; ■(9, Ki, . . . , K^) j . 

c=l i?=l ^ 

From flT2l) we can obtain 



r 

-Ks\-1 



^b 



s=l 



for all r > 1. 

The first few values of f3r v are as follows: 



-Kl\-1. 



r = 1: /3i,o = 0, /3i,i(ai; «:i) = -^"^(l - oj'^^) 

r = 2: /32,o = 0, /32,i(ai; «:i) = &-'"Hl " ^b"T\'^/'^ + (^P' " 1)"'), 
/32,2(ai, a2; «:i, K2) = ^--^--^(l - u^'^T'i'^ " ^r')"'; 



In principle we can obtain all values of /3r^v recursively using flT2|) . We 
calculated already f^r^v for t> = r and we could continue doing so for v = 
r — 1, . . . , 1. But the formulae become increasingly complex, so we only 
prove a bound on them. 

For any r > and a non-negative integer k we introduce the function 

for r = 0, A; > 0, 

. . _ ■ for A; = 0,r > 0, 

^r,per[k) - <^ ^^ + . . . + ^^ + (^ _ ^)^^ for 1 < t; < r, 

ai + ■ ■ ■ + ttr for f > r. 

Lemma 5 For any r > 2 and 1 < v < r we have 
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Proof. We prove the bound by induction on r. Using Lemma [2] it can easily 
be seen that the result holds for r = 2. Hence assume now that r > 2 and 
the result holds for r — 1. By taking the absolute value of flT2|) and using the 
triangular inequality together with Lemma [2] we obtain 

|Pr,f (,C^l; • • • ; 0,v] ^1) ■ ■ • ) f^v) I 
5-ai / 
— 7r~- n [ \Pr-l,v-l{0'2, . . . , a^] K2, . ■ . , K,v)\ + \Pr-l,v{0'l, ■ ■ ■ , tty] Ki, . . . , K„)| 

Sill ■^ V 

00 6—1 X 

+ ^^&~1/3r-i,-«+i(ai + c,ai,...,ay;'d,Ki,...,K^)\ j. 

c=l i5=l ^ 

We can now use the induction assumption for \(3r-i^v-i\, \f^r-i,v\, |/3r-i,i.+i|- 
Hence, for f > 1, we obtain 

|/3^,„(ai,...,a„;/ti,...,K^)| < ,^ . ^, 1 + 7 + 



(2sinf)'- V h 6(6+1) 

00 6—1 



c=l i9=l 



By noting that Yl^=i I^^=i b "^^ = ^, and ai > 02 we obtain the result. 



For V = 1 note that (3r,o = 0. In this case we have 
{2sm^Y \^b^ 6(6+1) 



IA.K«i)l < J^:^WTv{'^T^uKTu) l + EE"-" 

\ c=l i?=l 

- (2sinf)- V^ 6 ^6(6 + 1), 
which implies the result. □ 

The br are polynomials, but using (TTOj) we can extend 6^ periodically so 
that it is defined on R. We denote those functions by br- Then for r > 1 we 
have 

b2rix) = —, — It, — y^ h'^'' COS 27ihx for x eR, 
^ ^ /i=i 

and 

~ 2f— 1)'^"'"^ °° 

62r+i (^) = , ,: ,, V ^^'^''^^ sin 2'nhx for x G M. 

^ ^ /i=i 
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From this it can be seen that br{x) = (— l)^6j.(— x) for all r > 2. Note 
that for x,y & [0, 1] we have b2r{\x — y\) = b2r{x — y) and h2r+i{\x — y\) = 
{—iy='<yb2r+i{x — y), where lx<y is 1 ior x < y and otherwise. We also 
extend -Br(') periodically to M, which we denote by Br{-). 

In the next section we will also need a bound on the Walsh coefficients of 
br{x — y). For k,l > let 



lr{k,l) 



1 rl 



^0 



br{x — y)walk{x)wdAi{y) dxdy 



(13) 



(27r 






heT\{d} 



where 



Thk 



Jlirlhx 



walfcfx) dx. 



We have 7r.(A;,0) = 7r(0,/) = for all k,l > 0, as /^ ^br{x)dx = for 
any 2; G M. Further we have 'jril,k) = (— l)'"7r(/i;, /) and therefore also 

\jr{k,l)\ = hril,k)\. 

We obtain bounds on 7^ by induction. In the next lemma we calculate 
the values of 72. 

Lemma 6 For all k,l > we have 72(/i;,0) = 72(0,/) = 0. For k,l > we 
have 



' h-2ai ( 1 1 

\2sm^ Kiir/b 3 



j^_a,-d,^^^.i _ lyl^^Xi _ lyl 



ifk = l, 

ifk' = l'>0, 
and k j^ I, 



l2{k,l) = < 



b-a,-d,^l^2 + (W-^I - 1)-1)K"^ - 1)-^ 
^-ai-di(i/2 + K^ - 1)-1)(C^^ - 1)'^ 



+6-^^Hl/2 + (a;-^^-l)-i)(l-c.^)-i 



' -ai-a2 



ii-urT\^, 



\-i 



I 



u 



A2^-lr^A 



lfk = /', 

ifk" = l, 
zfk = l", 
otherwise. 



Proof. Note that 72(A;, 0) = 72(0, /) = for all A;, / > 0, as J' 62(2:) dx = 
for any 2; G M. 
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Now assume that k,l > 0. The value of 72 (A;, k) has been obtained in [51 
Appendix A] (but can also be obtained from the following). 

The Walsh series for b2{x — y) = b2{\x — y\) = ^'^^-^ ^^ + | can be 

calculated in the following way: We have x = Jo{x) and y = Jo{y) and so 

{x-yf _ (Mx)-Uy)f 
2 2 

Further 

\x~y\ =x + y-2min{x,y) =x + y -2 / l[o,^)(t)l[o,3^)(t) dt, 

Jo 

where l[o,x)(i) is 1 for t G [0,a;) and otherwise. Note that Jk{x) = 
Jq^ walfc(t) dt = /q l[o^x){t)^9Ak{t) dt, which implies 



l[o,x)(t) = ^ Jfc(a;)waU(t). 



A;=0 

Thus 



mm{x,y) = / l[o,x)(t)l[o,j/)(i^) dt 
Jo 

= ^ Jm{x)Jn{y) / waU(t)waln(t)dt 

m,n=0 "^0 

00 

= ^ Jm{x)Jm{y). 
m=0 

The Walsh series for 62(2; — y) is therefore given by 



;,(. - ,) ^ (^°(^)) + (^°fa) - ^°'^) - ^°fa) + ^XMJ4y) + ^. 



(Jo(i))' + (^0(1;))' - ^(a^) - My) 

m=l 

We have 



72(fc,/) 



1 /•! 



^2(3; - y)waU.(x)wal/(y) dxdy 
^0 
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JO 



Jo 2 ±:^ 6 



xwalfc(a;)wal/(|/) dxdy 



^/ J^{x)walk{x) dx J^{y)wali{y)dy. 
m=iJo Jo 



It remains to consider the integral Jq Jm{x)walk{x) dx. Let m = rjb'^ ^ + m', 
with < 1] < b, e > 0, and < m' < 6*^"^. Then we have 



Jm(a;)walfc(x) dx 





6 ^jl— cj^) I walj„/(a;)walfc(a;) dx 

1 
-1 



+ (1/2 + (w^ - 1) ) / walm(a;)walA;(a;) dx 

oo b— 1 »i \ 

+ ^ ^ ^"''(wj"'' - 1)"^ / wal^b.+c-i+„(x)walfc(x) dx J . 
c=i ^=1 Jo / 

This integral is not only if either m' = k, m = k or m + dh^'^^"^ = k for 
some {},c. Analogously the same applies to the integral f^ Jm{y)wsAi{y) dy. 
Hence we only need to consider a few cases for which 72 (/c, I) is non-zero, and 
by going through each of them we obtain the result. □ 

Note that many values for '~f2{k,l) are 0, in particular, if k and / are 
sufficiently 'different' from each other. This property is inherited by br for 
r > 2 via the recursion 

7,(A;,/) = -b-''^Ul-co;^THr-iik',l) + il/2 + iu;^-l)-'H.-iik,l) 

00 6—1 \ 

+ Y.Y1 ^''^'^t - l)"Sr-l(^&'+"^"' + k,l)\. (14) 

c=l ,9=1 ^ 

This recursion is obtained from 

7r(/c,/) = -/ / br-i{x-y)Jk{x)wii\i{y)dxdy, (15) 

Jo Jo 

which in turn can be obtained using integration by parts. In the following 

lemma we show that 7r(A;, /) = for many choices of k and /. 



Lemma 7 1.) For any k,l > we have 7r(A;, 0) = 7r(0, /) = 0. 

2.) For k,l > with \v — w\ > r we have 'jr{k, I) = 0. 

3.) Let k,l > such that \v — w\ < r. 

(i) If V = 1, but (Ki,ai) 7^ (A^,(i^), then 'yr{k,l) = 0. 
(a) Ifw = l, but (Ai,(ii) 7^ {Ky,ay), then 'jr{k,l) = 0. 
(Hi) If r — 1 < \v — w\ < r , but 

\"'v—min(v,w)+li • • • i ^vi '^v—Tixm{v,w)+li • • • i '^v) 

7^ \S'"w — mhi(v,w) + li ■ ■ ■ 1 ('"Wi ^ui— inin(i',ui) + l; • • • ; '^w)i 

then "y-rik, I) = 0. 
(iv) If v,w > 1 and 0< |f — U7| < r — 2, but 

\(^v—inin(v,w)+2i • • • i ^^vi '^v—va\'a{v,w)+2i • • • i i^v ) 

7^ \}''w—mYa(v,w)'\-1i ■ ■ • i (^wi ^ui— min(ti,ui)+2) ■ • ■ ; ■^w)i 

then '~ir{k, /) = 0. 

Proof. a.) This follows from j br{x) dx = for all 2; G M. 

b.) We have 'j2{k, /) = for |f — u;| > 2, which follows from Lemma [61 Let 
r > 2. Then by repeatedly using ( fT4l) we can write jrik,!) as a sum 
of 72(mj,nj) for some values mi,nj, i.e., 7r(fc,/) = ^ijai,j72{mi,nj). 
But if |i; — w| > 2, then the difference between the number of digits of 
rrii and Uj will be bigger than 2 and hence 7r(fc, /) = by Lemma [61 

c.) For r = 2 the proof follows again from Lemma [21 li v = 1 {w = 1), 
then k' = {I' = resp.) and we only have the cases k = I, k = I' 
{I = k' resp.), and k = I" {I = k" resp.) for which the result follows. 
The case 1 < |f — w| < 2 comprises the cases k' = I, k = I', k" = I, 
and k = I". The case v = w can be obtained by considering k = I, 
and k' = I' with k ^ I. For r > 2, we can again use dHj) repeatedly to 
obtain a sum of 72(^^14, Uj). The result then follows by using Lemma [SI 

D 
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In the following we prove a bound on |7r(/cJ)| for arbitrary r > 2. We set 



/^r,per(,"^; 'j — HiaX fJ,s,per{'^) + /^r-s,pcrO- 
0<s<r 



Lemma 8 For r > 2 and k,l > we have 



Oh-fJ.r,pcr(.k,l) /I 1 \ r~2 

brik,l)\<'4——-l + U 



(2sinf)'- V b b{b + l) 

Proof. For r = 2 we use Lemma Ej and |l/2 + (u)^'^ — 1)^^|, \^b'^ ~ M^^ — 
(2sin|)^^ to obtain the result. 

Let now r > 2. By taking the absolute value of ( !T4|) and using the trian- 
gular inequality together with |l/2 + (w^'^ - 1)"^|, \u^'^ - l]""^ < (2 sin |)~^ 
we obtain 

br{kj)\ < ,^(\lr-l{k'J)\ + \^r-l{kJ)\ 

2 sm -^ \ 

oo 6—1 



+ E E b-'llr-ii^b^'-'''-' + k, I) I ) . (16) 

C=l 1?=1 ^ 



By using integration by parts with respect to the variable y in ( !T3|) we obtain 
a similar formula to ( ITSll . Hence there is also an analogue to ( IT6l) . 

W.l.o.g. assume that k > I (otherwise use the analogue to (flGll ) and 
assume that the result holds for r — 1. Then 



brik,l)\ 



25-ai / ^ ^ \ r-3 



< IH h 

- (2sinf)'- V b b{b+V 



J,-Mr-l,por(A:',Z) _|_ ^-/ir-l,por(fc,0 _|_ ("^ _ ^^ ^^ ^-C-/ir- l,por (fc"l 



hc-l_ 



A;,/) 
c=l 



We have ai + fir-i,pcr{k' , I) = fJ'r,pcr{k, I), ai + fir-i,pcv{k, I) > /ir,per(fc, 0) ^ud 
ai+fir-i,per{b"'^^'^^^ + k,l) = 2ai + c+/ir_2,per(^, > c+;Ur,per(^, 0' Therefore 
we obtain 

As ^^1 fe-^'^ = (62 _ i)-i, the result follows. D 
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5 On the Walsh coefficients of functions in 
Sobolev spaces 

In this section we consider functions in reproducing kernel Hilbert spaces. 
We consider the Sobolev space Tir of real valued functions / : [0, 1] -> M, for 
which r > 1, and where the inner product is given by 

{f,9)r = Yl [ /^'Ha;)dx / g^'\x)dx+ [ j<'\x)g'^^\x)dx, 
g^Q Jo Jo Jo 

where f^^^ denotes the sth derivative of / and where f^^^ = f. Let ||/||r = 
\/{f, f)r- The reproducing kernel (see [1] for more information about repro- 
ducing kernels) for this space is given by 



s!)2 ' ' (2r)! 

^bs{x)bs{y) - {-iyb2rix-y), 



s=0 
r 



s=0 



see for example [ini Section 10.2]. It can be checked that 
f{y) = {f,JCr{;y))r 

= y, [ f^'\^)dxbM-i-'^r [ f^'\x)Kix-y)dx. 

o_n -^0 Jo 



s=0 



A bound on the Walsh coefficients oi bo{y) , . . . , Kiij) can be obtained from 
Lemma [51 For the remaining term we use Lemma [HI We have 

oo 

br{x-y)= ^ 7^(A;, /)waU(x)walz(?/) 

k,l=l 

and therefore the ?7ith Walsh coefficient for the last term is given by 

{-ly I I f'-\x)K{x-y)dxw^\rM^y 
Jo Jo 

= (-1)'" ^ 7r(A;,/) / f^'"\x)wa\k{x) dx wali{y)wal^{y) dy 
k,l=l "^0 -^0 
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= >^7r.(m, /c) / /'-''-' (x)waU(x) dx. 

k=l "^0 

We can estimate the absolute value of the last expression by 
J2br{m,k)\ / \f^^\x)\dx 

k=l "^0 

„1 2/1 -, \r-2 oo 



fc=i 

'yr{m,k)ytO 

It remains to prove a bound on the rightmost sum, which we do in the 
following lemma. 

Lemma 9 For any r > 1 and m eN we have 

°° / 2 2fc + l\ 

~ V 6 6-1/' 

7r(r?i,fc)7^0 

Proof. Let m = rjih'^^^^ + • • ■ + rj^b'^^^^, where < ?7i, . . . , r^^ < 6 and Ci > 
■ ■ ■ > Cz > 0- We consider now all natural numbers k for which 7r-(Tn, A;) 7^ 0. 
From Lemma [7] we know that 7r(?«, fc) = for |f — -z] > r. Hence we only 
need to consider the cases where |f — 2;| < r: 

• V = max(2; — r, 0): If 2; — r < 0, then this case does not occur; otherwise 
there is only one k for which 'jr{fn, k) ^ 0, and we obtain the summand 

^— Mr,pcr(m) 

• V = max{z — r + l,0): Again if z — r + 1 < 0, then this case does not oc- 
cur; otherwise we can bound this summand from above by ])-f^r,pBrim,)-i^ 

• max(z — r + 1,0) < v < z: First, let v = 1. Then Ki = rjz and 
ai = Cz- Therefore k is fixed, jJir,Y,er{fn, k) = yUr.perl?^), and 5~^''P"(™'''^) = 

^— Mr,pcr(m) 

Let now v > 1, which implies z > 1 (as z > v) and z — v + 2 < r. In 
this case 

(02, . . . , a^, K2, . . . , K^j = {ez-v+2, • • • ) 62, r]z:-v+2, • • • ) Vz)- 
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Thus 

/ir_pcr(^72, K) = fJ'z-v+l,pcT[^^) ~^ 0.1 ~^ fJ"r-{z-v+2),per[f^ 7 k j 
> IJ,r,pev{m) +ai - a^-z+r- 

Note that v — z + r > 1. Let a^ = ai — a^^^z+r >v — z + r — 2. Then 
the sum over all k for which 1 < f < 2; is bounded by 

2 00 00 , 

t'=2 a'=D— 1 ti=2 

z + l<f<z + r — 2: If2; = l then 2 < v < r — 1, and, by Lemma [TJ 
we have r^i = k^ and Ci = a^. In this case ^r,per{fn, k) = /ir,per(^) and 

l^r,pcr{k) - Hr,per{jn) = (oi - o^) H h (a^ - a^) + [v - v){a^ -ay) = 

a[ + ■ ■ ■ + ay_i, where a^ = Oj — a^ and a'l > ■ ■ ■ > a^_i > 0. The sum 
over all k for which 2 < v < r ~ 1, and 7r(^, /c) 7^ 0, is then bounded 

by 

r-l 

y^r^ _ 1)^~^ y^ 5-Mr,pcr(A3) 

11=2 ai>--->a„_i>a„=ei>0 

r-l 

< 5-Mr,per(m) y^/^ _ j^NtJ-l y^ ^-a'^ ^.j 

»'=2 a;>->a;,_i>o 

r-l 
<; ^-Mr,per(m) y^^-(t)-2) 



< ^-Mr,pcr(m) 



i)=2 
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6-1 
For z > 1 and z+l<f<2; + r — 2we have 

('3'i.-z+2; • • • 5 C^fj l^v-z+2y • • • 5 '^^d) = (C2; • • • 5 C^j '^2? • • • ; ^2) 

and V — z + 2 < r. Thus 

fir,per{m, k) = fli H h at,-2+l + ei + IJ.r-{v-z+2),per{'m' , Ul' ) 

> Hr,per{m) - yUr-l,pcr("^') + Oi H h at,-2+l 

+fJ'r-{v-z+2),peii'm' , m!) 
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> /i^^per(m) + a'l H ha^_^+i, 

where a'^ = ai — 62 = ai — av-z+2 and a[ > ■ ■ ■ > a^^^+i > 0. Thus the 
sum over all k for which z + l<v<z + r — 2 and 7r(w, /c) 7^ is 
bounded by 

z+r-2 

«=2+l «i>-><-.+i>o 

Z+r-2 

v=z+l 
Jj~f^r,pci{rn) 



< 



6-1 



V = Z + r: In this case /ir^pcr(m, /c) = ai + - ■ - + 0^— /^r,per(^)+/^r,per(^), 
where /ir,pcr(^) < rOr+l. Thus Oi + ■ h Cr — /ir,per(^) > (oi — Or+l) + 

■ • ■ + (or — a^+i) and ai > ■ ■ ■ > a^ > a^+i- Hence, the sum over all k 
for which f = z + r is bounded by 

ai>--->ar>0 

V = z + r — 1: In this case Hr^xierijn, k) = ai + ■ • ■ + a^. — /ir,pcr(^) + 
/^r,per(^^)5 whcre now a,. = Ci and /t^. = r^i are fixed. Hence, the sum 
over all k for which f = z + r — lis bounded by 



(5 _ n''-l5-Mr,pcr(m) Y^ ^-ai flr-l <^ ^- ^lr,pcAm) ^-{:r-l){:r-2) /2 ^ 

ai>->a, — 1>0 

By summing up the bounds obtained for each case, we obtain the result. 

D 

This implies the following theorem. 
Theorem 3 Let r > 1. Then for any k & N we have 
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6 6-1 
for all f ETir, where for v > r the empty sum Y7g^^ is defined as 0. 

Remark 2 This theorem can easily be generalized to tensor product spaces, 
for which the reproducing kernel is just the product of the one- dimensional 
kernels. 

6 On the Walsh coefficients of smooth peri- 
odic functions 

We consider a subset of the previous reproducing kernel Hilbert space, namely, 
let 'Hr,peT be the space of all functions f E Tir which satisfy the condition 
/o f^'^K^) dx = for < s < r. This space also has a reproducing kernel, 
which is given by 

/C.,pe.(x,y) = hlY^' ^''^l~^^ = {-ir'Mx-y). 
The inner product is given by 

(/,^).,per= / f^'\x)g^^\x)dx. 

Jo 
We also have the representation 

/(!/) = (-ir+i I f^'\x)hr{x-y)dx. 
Jo 

For this space we can obtain an analogue to Theorem [31 
Theorem 4 Let r > 1. Then for any k eN we have 

\f{k)\ < f\f^^\x)\dx 
Jo 

25-Mr,per(fe) / ^ ^ V '^ f 7 2 26+1 

X--— ^— 1 + T+ ^ ' . . 



(2sinf)'^ V b 6(6+1)7 V2 6 6-1 

for all f e 'Hr,per- 
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Remark 3 This theorem can easily be generalized to tensor product spaces, 
for which the reproducing kernel is just the product of the one- dimensional 
kernel. 

Remark 4 For 2 < b < A we have (2sin|^)"-^(l + I + wnii)) < 1; (^i^d so, 
for these cases, the constants in the theorems above decrease as v, r increase. 

Remark 5 Because the Walsh coefficients considered in this paper converge 
fast, the Walsh series for functions f with smoothness r > 1 converges 
absolutely (we have J2T=o^^^''''^'''^''^ - Sfclo^ '''^^''^ < oo for r > 1 and 
X]fclo^~"^~'^"^ ^ ^^ /^'^ A > Oj and we have (see I4j) 

oo 

f{x) = ^2 /(/i;)waU(x) for < X < 1. 

k=0 

7 Lower bounds 

Fine P, Theorem VIII] proved that the only absolutely continuous functions 
whose Walsh coefficients decay faster than 1/k are the constants. 

This result can be extended in the following way. Let / have smoothness 
r > 1 (i.e., the [rjth derivative has at least bounded variation of order 
r - [rj). Let k^^^ = k', fc^^) = j." ^nd k^''> = k^'-^^ - Ksb''^-^ = Ks+ib''^+^^^ + 
h /€t,6"""-^ ioT 1 < s < V and let k^""^ = 0. 

Using Jp /(x)walfe(a;) dx = — J^ f'{.x).Jk{x) dx and Lemma [T]we have 

oo 6—1 
c=l -&=! 

where f'{k) denotes the kth Walsh coefficient of /'. 
Using Lemma H] we obtain for fixed k^^^ and ki that 

ai— >oo 

Applying this result inductively we obtain for s < min( \r\ , v) and fixed k^^^ 
and Ki, . . . , Us that 



a2— >oo ai— >oo 



lim b"^--- lim b"^ lim 6"V(A;) 

■ " " ■ " — >oo 
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= - lim b"'--- lim b'''{l-ujf;''')-^f'{k^^'^) 

as—^oo 02—^00 

s 

s'=l 

This implies that if f{k) decays faster than 6^"^ "^ for all k = Kih""^^^ + 

h Ktjfc"""-^ with < Ki, . . . , Kt, < 6 and v > s, then f^-''\k) = for all k 

and therefore Z*-*-* = 0, i.e., / is a polynomial of degree at most s — 1. 

Theorem 5 Let f have smoothness r > 1. Then if for some 1 < s < r, 
f{k) decays faster than b'"'^ ""^ for all k = Kib"-^^^ + ■ ■ ■ + /t„6""~^ with 
< Ki, . . . , Ky < b and v > s, i.e., 

lim 6"" ■ ■ ■ hm 6"^ hm b"^ f{k) = for all k with v > s, 
then f is a polynomial of degree at most s — 1. 
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